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Abstract—The simplified model of stratified two-phase pipe flow proposed by Taitel & Dukler {Inz. J.
Mudtiphase Flow 2, 591-595 (1976)] has previously been reported to predict non-unique values of liquid
holdup in some upward inclined pipes. This paper shows that the multivaluedness is not an artifact of
the approximations made in the model, as it is also predicted by the exactly solvable case of laminar flow
in an inclined square duct. A physical explanation for multiple liquid holdups is given, and their occurrence
is parameterized in terms of simple flow variables. The stability of the three possible equilibria is discussed.
A separated flow model predicts that, in general, the flow with the lowest holdup is the most stable, the
highest equilibrium is unstable and the intermediate equilibrium can be stable or unstable, potentially
leading to hysteresis phenomenon in slightly inclined flows.

Key Words: two-phase inclined pipe flow, stratified flow, liquid holdup prediction, pressure drop
prediction

1. INTRODUCTION

Taitel & Dukler (1976a, b) proposed a simplified model for the prediction of liquid holdup
in two-phase pipe flow. The flow is assumed to be one-dimensional and stratified along the
length of the pipe, which can be slightly inclined from the horizontal. They published curves
for the relationship between the height of the liquid layer (related to the holdup) and the
Lockhart-Martinelli parameter X (related to the ratio of liquid to gas superficial pressure drops).
Not only is the holdup predicted from this relation of intrinsic interest, but it may also be used
to calculate the pressure drop and, furthermore, criteria for flow pattern transitions away from the
stratified flow. The main attractions of the Taitel-Dukler (TD) model as a predictive tool is that
it is simple to implement, and the only use made of empirical correlations is for the friction factors
of each phase.

The curves presented by Taitel & Dukler (1976b) were qualitatively incorrect for upward
inclined pipes, however. Corrected: plots of the TD holdup relation have been given by Taitel
& Dukler (1986), Barnea (1987), Baket & Gravestock (1987) and Baker er al. (1988). Baker et al.
point out that the TD model can predict non-unique values-of the holdup for given phase fluxes,
although it appears that this issue has been left unresolved and an ad hoc choice of the holdup
is made if this situation occurs in practice (e.g. in inclined gas/condensate pipelines, which often
operate in the stratified flow regime, and where the gas flow rate is much greater than the liquid
flow rate).

The purpose of this paper is to resolve whether the existence of multiple holdup values is a
physically relevant phenomenon. Several aspects of this problem are discussed as follows.

In the next section, the TD holdup relation is reviewed for stratified ane-dimensional two-phase
flow in both circular pipes and rectangular ducts, with particular emphasis on the multivalued
regime for upward inclinations. In section 3 the equivalent curves for the liquid holdup are derived
from the two-dimensional fluid equations for an inclined rectangular duct. Although laminar duct
flow is of limited relevance to most applications in fluid transport, this case is exactly solvable
and provides a prototype for two-phase pipe flows. Direct comparison with the TD curves for
one-dimensional laminar duct flows shows good qualitative agreement; in particular the non-
uniqueness problem persists in the exact case. Section 4 gives a physical explanation for the multiple
flow configurations, by observing detailed velocity profiles in laminar duct flow, in conjunction with
momentum balance considerations.
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Section 5 quantifies the criteria when multiple holdups occur, both by parameter fitting and
asymptotic analysis. The findings are applied to specific pipelines, illustrating in superficial velocity
coordinates the flow regime where non-uniqueness is predicted.

The stability of stratified flow in the multivalued regime is discussed in section 6, based on a
dynamic one-dimensional separated flow model. Although the detailed analysis of the equations
will be published elsewhere (Landman 1991), the results are summarized and corroborate the
findings of Baker & Gravestock (1987) based on field-test data. A short conclusion follows in
section 7.

2. MULTIVALUEDNESS IN THE TD HOLDUP RELATION

The TD equation for the prediction of the liquid level in a pipe is derived by performing a
momentum balance on each of the liquid and gas phases in equilibrium, so that

VP+F =0, VP +Fg5=0. [1]

The pressure gradient VP is balanced by the forces due to shear and interfacial stresses, and the
gravity force for an inclined flow, i.e.
1

FL=‘A‘—(TWLSL—TiSi+pLALg sin 8) [2a]
L

and
1 .
F;= T (twg Sg + 1,5, + pgAgg sin ). [2b]
G

See figure 1 for the definition of the geometric parameters, for both a circular pipe and rectangular
duct. 4, and S; are the cross-sectional area and wall perimeter of each of the gas and liquid phases,
respectively (j = G, L). S is the interfacial perimeter. 6 is the angle of inclination of the pipe
from the horizontal, which is taken as positive for small upward inclinations (the opposite sign
convention was taken in the TD analysis). The wall shear stresses are written in the form

TWL=%prLu%,’ TWG=%prGué’ 3]
with friction factors
Sfi=CRer",  fo=CsReg". [4]
lfG/V
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Figure 1. Geometry of stratified flow: (a) side view; (b) cross-section of a circular pipe; (c) cross-section
of a rectangular duct.
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ug and u; are the velocities of the phases, averaged across 4 and 4, . The actual Reynolds numbers
Re;= D,y /v, (j =G, L) are based on the hydraulic diameters

a4, 44,

-D = T !
LTS, Sg+ S,

Dg = [5]
as introduced by Agrawal et al. (1973). In this way the situation is as if the liquid phase is in an
open channel, and the gas phase is flowing in a closed duct. Furthermore, one of the assumptions
made in the TD analysis that reduces the formulae to a very simple form is that the interfacial stress
is the same as that for the gas phase at the wall, namely 1; = 1y, which as above is based on the
assumption that u; < ;. On non-dimensionalizing the length scales in the equations with respect
to the diameter of the pipe, D (or the height b for the rectangular case), and the liquid and gas
velocities with respect to each of their superficial values 4} and uj, respectively, the TD holdup
relation arises from [2a] and [2b]:

aX?— B —4Y =0, [6]

dP\  2C (uiD\"
( dz)L_ < (V-L) pL(d)
dP\* ~ 2C (usD\™™ .,
(E)G T(T) po(ug)

is the Lockhart—Martinelli parameter and

where

x? (7]

Y=(PL‘PG)§ Si119= —(pL—pg)g sin b [8]
G EREICR
dz ), D Vo Pcllg

is the TD inclination parameter. In the case of laminar flow with the friction coefficient C;, these
parameters simplify to

b ui (pL— pc)g sin 6

2=t oy ML PG T 7
o . O]
“b—zﬂcuc

a and B are purely geometrical parameters which are explicit functions of the liquid height, which
in turn is a single-valued function of the holdup, i.e.

~ N
a= (@ D) "a} =
LDy) 17

and
- S5 S 8
ﬁ=(ﬁD)‘"'ﬁ2(G+ L+ ) 10
c g \ZLYZTT [10]
where the tilde denotes the non-dimensional form of a geometrical parameter. For a circular pipe
these functions are given by

Ag =4lcos™'(2h, — 1) — 2 — 1)/1- 2k, — 1)),

4
A=d-do, 1-%
8¢ =cos™ 2 — 1), §L=n_§0a‘ Si=1-Qh. -1y,
. A . A4
“G=];’ “L=z;~ [11]
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Figure 2. Liquid holdup vs non-dimensional liquid level for a circular pipe. The dashed line shows the
linear relationship in a rectangular duct.

For a rectangular duct the TD relation still holds, but with the simpler geometrical factors:
ZG=G(1—}7L)’ ZL=GEL, 12‘:0',
So=0+20-h), S.=c+2h, S=o0,

. 1 . |
uc—m, uL_'}Z9 [12]

where o = a/b is the aspect ratio of the duct.

Note that & is the reciprocal of the liquid holdup H, in either geometry, which is really only
a consequence of mass conservation. For the rectangular duct, the trivial relationship of H; = hy
holds, but for a circular pipe the holdup as a function of height is

H =1 —% [cos™'(2h, — 1) — 2k, — 1) /1 — 2k, — 1)), [13]

which is shown in figure 2. The two quantites are numerically quite close, although the asymptotic
behaviour of the curve for the circular pipe is non-linear in the limits H; —0 or 1 (e.g. Hy ~ ch}®
as fi; —0). The asymptotic limits of the holdup relation are discussed further in section 5.

The pressure drop predicted by the TD model is found from [1] and [2b] for the momentum
balance of the gas phase, and can be written in non-dimensional form as (Taitel & Dukler 1976a)

dz) =~ Pg
g~ Q-5 (14
dz /g

Q(h) = (4 D) "as Dg'. [15]
The function Q is a monotonically increasing function of liquid level, with a minimum Q(0) = 1.

The predictions of the TD holdup relation [6] for a circular pipe are now discussed. The friction
factors required for its evaluation are taken as C, = Cg =16, n =m =1 for laminar flow, and
C, = Cg=0.046, n = m = 0.2 for turbulent flow. In practice the regimes for each phase would be
determined from the actual Reynolds numbers Re; and Reg based on actual velocity and hydraulic
diameter, with turbulent flow assumed for Re > 2000.

Figure 3 is a graph of the liquid level Ay vs log X at various pipe inclinations in the turbulent
gas/turbulent liquid regime. The graph differs from that in the original paper of Taitel & Dukler
(1976b), where A, was incorrectly shown as being a single-valued function of log X at all
inclinations. The relationship has since been shown correctly by Taitel & Dukler (1986), Barnea

where
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Figure 3. The TD relation showing liquid level vs the Lockhart—Martinelli flux parameter (circular pipe,
turbulent/turbulent flow regime). The pipe is inclined upwards for negative values of the parameter Y.

(1987), Baker & Gravestock (1987) and Baker et al. (1988); in particular, the last two papers refer
to the fact that the liquid level is triple-valued in an upwardly inclined pipe for a low ratio of liquid
to gas flow (low X). This leads to a dilemma in determining which value of the holdup to choose
for aclass of inclined stratified flows for which the gas and liquid fluxes are specified. Baker ef al.
(1988) found that the holdup predicted by their existing codes based on the TD relation was
sometimes far larger than observed in four of the five pipelines they studied. This anomaly could
be explained by their algorithm producing an incorrect larger value for the holdup when the flow
was in the multivalued regime. Their solution to this problem was to set the value of the parameter
Y to a minimum value of —3.8 whenever its value was lower than this bound (this is approximately
the limiting case for single-valuedness). This arbitrary procedure was chosen in the absence of their
finding any physical significance in multivalued holdup curves.

The characteristics of the multivalued regime are shown in more detail in figure 4, for ¥ = —§.
All flow regime combinations are shown, and verify the claim by Taitel & Dukler (1976a, b)
that laminar and turbulent flows have similar holdup relations. The biggest deviations occur

1.0 A A L L -
0.8
: Laminar Gas [
0.6
4 Turbulent Gas -
h/D 1 -
0.4 X

Turbulen{ Liquid Laminar liquid
Z.

log X
Figure 4. The TD relation for the four possible flow regimes, ¥ = 5.
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Figure 5. Comparison between laminar/laminar flow in a circular pipe and a square duct, for the TD model
at ¥ =0and — 5. Both the liquid level and holdup of the pipe flow are shown (these quantities are identical
for the duct).

at low liquid flow rates: for low liquid holdup (low h, ) the gas regime does not affect the curves,
and at higher holdup it is the gas flow regime that becomes more important, which is as might
be expected.

In order to further verify the TD relation, the curves were calculated for a square duct (aspect
ratio o = 1), assuming laminar flow (friction coefficient C; = C; = 14.22 in [4], with n =m = 1).
Figure 5 shows three curves for two values of the slope parameter (¥ =0 and —5); the first is
for the square duct, for which the holdup and the liquid level are the same; the other two curves
are for laminar flow in a circular pipe, plotting log X vs the liquid level /; and the holdup H (using
[13] for the relationship between the latter two quantities, drawn in figure 2). There is good
qualitative agreement of the square and circular geometries. Also, in general there is better
quantitative agreement when the geometries are compared on the basis of holdup—this is desirable
as the holdup is a more general measure of flow pattern than the liquid level.

An explanation of the numerical method used to produce the above graphs of hy vs X7 is
appropriate at this point. The TD relation [6] gives X (Y, hy) explicitly. Plotting X over the range
of k; for a fixed Y is the easiest method for getting the form of the holdup curves. An arc-length
continuation method was used to solve [6], however, which is implicit (using Newton’s method)
but allows the accurate determination of any of the parameters as a function of the others along
a solution branch. This is particularly useful in order to accurately locate the folds (turning points)
in the holdup curves. The software package AUTO was used to carry out this procedure, as
described by Doedel (1984).

Lastly, the non-dimensional pressure drop [14] can be calculated as a function of the phase
fluxes, combining [6] and [15]. Figure 6 displays Q vs log X for slope ¥ = —5 and a turbulent
gas/liquid regime. Figure 6 demonstrates that when the liquid flux is varied with the pipe diameter,
inclination and gas flux fixed (giving ¥ = —5), the pressure drop can be triple-valued. This follows
from the fact that Q is a single-valued function of the liquid level, which is simultaneously
triple-valued.

Furthermore, for pipeline design purposes, if the pipe inclination and the fluxes of the two phases
are specified, then an interesting relationship can arise between the actual pressure drop, liquid level
and pipe diameter. In figure 7 these quantities are plotted for volumetric flow rates of gas/oil
at 68 atm and 38°C of g = 13.4m’s~! and g; = 0.03m>s™’, at an inclination of 1°. For a fixed
diameter, the holdup (liquid level) and pressure drop can be triple-valued, as was found above.
Note, however, that if the pressure drop is specified, then the sizing of the pipe can also be
non-unique (yielding two suitable values for the diameter). This added complication is because both



MULTIVALUED HOLDUP IN TWO-PHASE INCLINED FLOW 383

100 = P
g
e

210_ - / F

o ] [

1 ‘?
-4 -3 -2 -1 0 1
log X

Figure 6. Non-dimensional pressure gradient vs the Lockhard—Martinelli flux parameter, when ¥ = -5,
for the TD model in the turbulent/turbulent regime.

(dP/dz); and Y are functions of the diameter D in [14], and also because keeping the volumetric
flow rates constant implies that D’} = const for each phase.

Up to this stage in the analysis, it is possible that the multivaluedness is an artifact of the
simplifying assumptions on which the TD equation is based, and not the true underlying physics.
In the next section, however, the existence of a multivalued holdup regime in an inclined pipe is
confirmed by considering the full fluid equations for a duct, as distinct from the one-dimensional
approximation made by Taitel & Dukler (1976a, b).

3. LAMINAR STRATIFIED DUCT FLOW

The equations describing stratified laminar two-phase flow in an inclined rectangular closed duct
are considered. Similar equations were solved for a horizontal duct by Tang & Himmelblau (1963)
and Charles & Lilleleht (1965), whose interest was pressure drop reduction in oil transport.

Taking a cartesian coordinate system parallel with the duct, inclined at an angle 8(@ > 0 for
upward inclinations), the momentum equation for each phase is (j =L or G)

o 9
(a_ﬁw)u,. s [16]

h/D

Diameter

Figure 7. Actual pressure gradient (kgm~2s-%) vs pipe diameter (m) for turbulent/turbulent flow for
gas/oil at 68 atm and 38°C (——). The liquid level is shown by the dashed curve. The pipe is inclined 1°
and the volumetric flow rates are fixed at gg=13.4m’s~! and ¢, =0.03m?s"".
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where

1 /dP .
j}=;j<a+pjg s1n0>. [17]
The boundary conditions are that the velocity vanishes at the walls x = (0, a) and y = (0, b), and
that the fluid velocity, pressure and the tangential stress are continuous across the plane interface
located at y = h; [see figure Ic].

When the pipe has a circular cross-section, numerical means must, in general, be used to solve
for the velocity field. In the rectangular geometry, however, a Fourier series solution can be
generated, leading to a solution of the form [following Tang & Himmelblau (1963)]:

Ug = Z [An Sinh(bn_yn)+BnCOSh(yn_hn)+En] Sinxn’ OSY <hL’ [18]
n=1
where y, = nny/a, x,= nnx/a, b, =nnb/a and h,= nnh,/a; and similarly for the liquid phase,

u. = Y [C,sinhy,+ D,cosh(y,—h,)+G,]sinx,, h <y<b. [19]
n=1
The coefficients are found as functions of f = f5/fy., liquid level A, = h /b and the viscosity ratio
UoL = o /uy . It is found that (taking care that the terms in the resulting infinite series are
numerically well-posed)

_ _4032fG i sin xn{l + Va exp[_(yn_hn)]_exp[_(2bn—yn_hn)]

CETD AT U e T+ exp[—2(6, — h,)]
nodd
exp[— (b, — y,)] + exp[— (y, + b, — 2h,)]
- 1+ exp[—2(b, — 1] } [20a]
and
_4a2.fL & sin X exp[_(hn_yn)] —exp[_(yn+hn)]
W L {1 et [+ exp(—2h,)
nodd
_ expl—(2h, = )] + exp(=3,) 200
1 +exp(—2h,) ’
where
) = [1 —sech h,] — fo [l — sech(b, — h,)] . 21]

" Jiqy tanh ki, + tanh(b, — h,)

The fluxes (superficial velocities) are then found by integrating the velocity field across the duct,
so that

—8af, & 1 Vn
s "%y )y _p_ — hy) +[1 — sech(b, — h,)] -~ 22a
uG bTES ngl ns {bn hn tanh(bn n) +[ seC ( n )]fGL} [ ]
nodd
and
- 3 ©
ui = _—bsf-sﬁ y % h, — tanh h, — (1 — sech h,)y, L] [22b]
n=1
nodd

For single-phase rectangular duct flow, the friction coefficient C; can be calculated from

Ci= —(d—P) D 23)
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log X

Figure 8. Holdup prediction in laminar square duct flow. The solid curve-is the exact solution; the dashed
curve is the TD model. B

where Dy = 2ab/(a + b) is the hydraulic diameter; and the sﬁperﬁcial velocity «* can be calcu-
lated from the liquid or gas phase above, in the limits #—0 or h—1, respectively. This gives the

expression
-] hb" -1
o % /1 19202“‘“ 2 24
f_(°,+1)2\ n’ e n’ s
nodd

where o = a/b is the aspect ratio and b, = nn /s, which was derived by Cornish (1928).

The Lockhart-Martinelli and slope parameters can now be evaluated exactly for a given flow,
using definitions [9). A comparison with the results of the exact analysis with the TD approximation
for laminar two-phase flow in a rectangular duct can therefore be made. Figure 8 plots the holdup
(or equivalently the liquid level) vs log X when the slope parameter ¥ = 0 and — 5, using these two
distinct methods of calculation. Good qualitative agreement is shown, in that multivaluedness
is demonstrated for the upward sloping duct. The quantitative difference appears due to the
approximate stresses used in the TD analysis, despite no approximations being made to the laminar
friction factors. This difference suggests that improvement of the stresses used in the TD model
could be made, which is an aspect of this study which the author hopes to pursue in the future.
In particular, as shown in the next section, the liquid wall stress is of the wrong sign on the two
upper branches of the holdup curve in the one-dimensional model.

It is important to note that the natural parameters X and Y that appear in the TD analysis
allow the evaluation of the relationship H; (X, Y) to be carried out without explicit dependence
on the physical properties of the fluids. In the exact analysis, however, the parameter dependence
of the holdup is H, (X, Y, ps/pL, Uc/u), and as a result the curves in figure 8 were calculated
for a specific pair of fluids (methane/oil at standard conditions), where pg =0.72kgm=, ug =
1.0x 10~kgm~'s™!, p, =900kgm~3 and y; = 1.0 x 10~*kgm~"'s~. In addition to this pair of
fluids, the holdup relation for gas/oil at 68 atm and for fluids of the same viscosity and different
densities has been calculated, and the results appear to be quite insensitive to the viscosity and
density ratios. This confirms that the quantities X and Y are the “correct” variables characterizing
the flow. Once again the package AUTO was used to follow the solution branches in the above
computations. The summations were carried out to at least 50 terms, with a convergence criterion
of 6-figure accuracy.

4. PHYSICAL INTERPRETATION OF THE MULTIVALUED REGIME

It is now instructive to examine upwardly inclined laminar flows in more detail, in order to
provide a physical interpretation for the occurrence of the multivalued phenomena.
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Figure 9. Holdup vs the Lockhart-Martinelli flux parameter, exact calculation.

First, in figure 9, the liquid holdup is plotted vs X? for exact square duct flow when ¥ = —5
(i.e. the Lockhart-Martinelli parameter is plotted directly, without taking a logarithm). The data
in this form allows the description of net backflow when X2 <0 (note that negative values are
allowed due to definition [9]). The fluids are taken as oil and natural gas at 68 atm and 38°C.
(b =50kgm=3, ug=15x10"kgm"'s"!, p, =650kgm3, u; =50 x 10~*kgm~"s7").

The centreline flow profiles are plotted in figure 10 at the three equilibria indicated on the holdup
curve in figure 9 at which X2=5.0 x 10-* and Y = — 35 (i.e. in each case the externally imposed
flow conditions are the same). Taking a duct of width 10 cm inclined upwards at 10°, the resulting

1 i
a) 3
y/b _
E
L T T T T L a 3
15 20x10
centerline velocity profile
0.4 L | it 1 1
b) 1 ] s
0.3 B
y/b ] M
0.2 -
1 (i)
0.1 [
] (iti)
0.0 4 ¥y
-100 0 100 200 300 400
centerline velocity profile
Figure 10. (a) Centreline velocity profiles for duct flow at the three points shown in figure 9: ——, liquid

phase; ----, the gas phase. (b) Liquid flow in detail.
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(negative) pressure gradients are (i) 591, (i) 358 and (iii) 310kg m~2s-2 at the solutions with
holdup (i) 0.342, (ii) 0.133 and (iii) 0.0488.

In discussing the form of the holdup curve, notice that for small H;, X 2 increases from zero,
which is reflected in the velocity profile (i), which is positive everywhere. The increase in flow rate
with holdup is a property independent of the slope Y. This can be shown by determining the
dominant balance in the one-dimensional force balance equations [1] and [2] for a small liquid level
(h, = Hy), where the dominant terms for the liquid phase are the interfacial and wall stresses, and
not the gravitational terms (this is discussed in more detail in section 5). Similarly, for large H;
and large X? the relationship becomes independent of Y.

For intermediate values of H, , however, the relationship is no longer monotonic once the pipe
is upward sloping, due to the competition between the acceleration due to gravity and the axial
pressure gradient. Taking — Y sufficiently large and keeping the superficial gas velocity fixed,
consider controlling the liquid level in the duct by varying the superficial liquid velocity (and thus
the parameter X?). As the liquid holdup is increased from zero, the large liquid wall and interfacial
stresses will decrease and therefore the deceleration due to gravity will become more important,
until it retards the liquid flux sufficiently that X begins to decrease. This accounts for the lower
fold in the holdup curves computed, and must always occur for X > 0.

As the holdup is increased further, the gas wall stress and interfacial stress will increase due
to the increasing velocity in the gas layer (recall the gas superficial velocity is considéred fixed).
This in turn accelerates the liquid phase, causing the liquid velocity to increase. At the point
where this factor begins to dominate the deceleration due to gravity and liquid wall stress, the
second fold in the holdup relation occurs, when the superficial liquid velocity begins to increase
again. This point may occur when the superficial liquid velocity is of either sign, though for —Y
sufficiently greater than critical it occurs when X? < 0 (liquid flux negative), as is the case shown
in figure 9.

Notice that along the middle branch of the holdup curve, the laminar flow profiles start to exhibit
liquid back-flow, even though the liquid flux may be of either sign. The point at which back-flow
begins (i.e. when the liquid wall stress changes sign) does not coincide with the lower fold in figure
9, although in the example shown it occurs soon after that point [i.e. between the lower fold and
the point (ii) shown). Persen (1987) also considered typical liquid velocity profiles in the uphill flow
of liquid and gas, but failed to illustrate the case where there is no back-flow, which appears to
be the most stable flow configuration (see section 6).

It is interesting that even though the liquid wall stress may become negative while the liquid flux
remains positive, the TD one-dimensional model essentially remains valid. This is because the liquid
wall stress no longer plays a significant role in the momentum balance. The incorrect sign of the
TD wall stress was previously thought to invalidate one-dimensional inclined fliow models (Shoham
& Taitel 1984).

5. PARAMETERIZATION OF THE MULTIVALUED REGIME

A better understanding of the holdup curves can be achieved in terms of some simple concepts
from bifurcation theory (Iooss & Joseph 1981). Each multivalued holdup curve has a pair of folds
with coordinates (H,, X}) and (H,, X3), which depend on the given value of Y (as in figure 9).
If Y is now varied, these folds can be followed computationally (this is easily implemented with
the software AUTO). Figure 11 shows the result of such a fold continuation for the exactly solvable
case of a square duct transporting methane/oil. On the curve of X2 vs Y (solid line), a cusp is
observed, which is the generic behaviour which occurs when two folds coalesce, according to
bifurcation theory. The cusp occurs at the minimum value of — ¥ for which the holdup relation
is multivalued (Y = —4.34, X2 = 1.83 x 10~2%, H, = 0.172, for laminar square duct flow). The values
of (H., Y) at the folds is also plotted (dashed line) in figure 11.

Fold continuation has also been performed for the TD equations for a circular pipe, and the
results are plotted for the turbulent/turbulent regime in figure 12. The generic behaviour is again
revealed, with critical values at the cusp (Y = —3.74, X?=2.19 x 1073, A, = 0.174). These plots
are useful as they predict when multivaluedness of the liquid level and holdup will occur for all
values of the physical parameters, given an assumption of the nature of the flow (i.e. laminar



388 M. J. LANDMAN

0.02 0.4

T .

0.2

0.00 / )
-0.01 / 0.1
-0.02 0.0

-8 -7 -6 -5 -4
Y
Figure 11. Locus of folds in the holdup curves for square duct flow: ——, (X2, ¥) coordinates of the
folds; ----, (H., Y).

or turbulent, although the curves are fairly insensitive to these factors). Thus, the area bounded
by the solid curve describes the region in X and Y coordinates for which multivalued holdup will
occur. Bounds on the liquid level equilibria are also provided by the dashed curve in figure 12.
Note that in the computations using the TD equation [6], not only is X? positive, which is the
region of most practical interest, but X2 has been allowed to become negative. This indicates a
reversal in the liquid flux, requiring that the definition of the Lockhart-Martinelli parameter [7]
be altered with the inclusion of appropriate absolute values (arising from the true stresses having
the form t =1 fpu|u|).

The region of multiple holdup predicted from the TD holdup relation when X?>0 can
be quantified by parameterizing the boundary of non-uniqueness in the X*-Y plane (see
figure 12):

(i) Right-hand boundary (coordinates of top fold):
Y=ko+k X+ kX, 0<X?<X} [25a]
(ii) Left-hand boundary (coordinates of bottom fold), intermediate values:
X?=X2+bytanh b (Y, — Y) + b,(Y.— Y)exp[—b5(Y.— Y)},
| Y| <|YI<|Y\l; [25b]
and
(iii) Left-hand boundary (coordinates of bottom fold), small X:
log|Y|=a,+alogX, |Y|<|Y]| [25¢]
X, and Y, are the critical values at the cusp.
Table 1 displays the values of the constants fitted to these parameterizations, for both

turbulent/turbulent flow (figure 12) and also turbulent gas/laminar liquid flow, when the results
are qualitatively the same.

In addition to [25a-c], the asymptotic regime of [6], for small values of the holdup and X, can
be analysed for a circular pipe (the asymptotic expressions are simpler in a rectangular duct).
For fixed Y, the dominant terms in the TD equation [6] give

2 Bpem a5 poo, 26]

Bo

where from the definitions [10] and the geometrical relations [11]

o ~a0i{(l:'/2‘4)s ﬁ ~ﬂ0h~fl9 [27]
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Figure 12. Locus of folds in the liquid level curves for the TD model of turbulent/turbulent flow: —,
(X2, Y) coordinates of the folds; ----, (A, Y).

with

(ST}

27n? (m\~"
%=m(§) s Bo=3. [28]

These expressions give the asymptotic form of the TD curves at small holdup, using the relation
for holdup in terms of the liquid level

16 1,
H I . [29]

Note that as described earlier, the dominant terms in [27] can be traced to the wall and interfacial

stresses of the liquid phase.
Now the differentiation of the TD equation [6] with respect to the liquid level for fixed Y

gives
dot ax?  dp

X+ o — =0. 30
a 10
At a fold, the second term vanishes, and thus
dg
2 E}Z 253 -n/2)
X2=—L~ X3P as  h -0, 31]
da
diy
Table 1. Constants parameterizing the region of multiple holdup
Constant Turb. gas/Turb. liquid Turb. gas/Lam. liquid
X, 0.04678 0.08376
Y, —-3.737 —3.697
Y, —17.80 —20.00
ko —3.896 —3.896
ky 48.98 20.28
k, 10550 1092
by —0.002184 —0.006989
b, 1.908 1.800
by 0.001264 0.004293
by 1.147 0.9744
a —0.5851 —0.5259

a —0.6895 —0.8000
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with

X2 ,BO

o=—n——*-
(+-5)x

It is now possible to calculate the position of the lower fold as 4, »0. From the full TD equation

[32]

3 1 1]~ ~
Y ~YoaX?— )~ — —— | frl = —1
(e B) 4[(8 ) 2] hL Yohi', (33]
so that eliminating /; from [31] and [33] gives
LY ~ | Y X6 e, (34]

This accounts for the asymptotic form given in [25¢], with the logarithm of the above constant of
proportionality identified with g, and q, = —4/(6 — n). For a turbulent flow with n = 0.2, and for
the laminar flow with n = 1, agreement with the above correlations is extremely good, providing
a validation of the computational method.

The region where holdup non-uniqueness can occur can now be identified in terms of superficial
velocity coordinates. The results are obtained from software that has been written that performs
the following.

For a given diameter and pipeline inclination, at each point of an array in the ug—ui plane:

(a) The flow regime (laminar/turbulent for each phase) is guessed at.

(b) X? and Y are calculated.

(c) Test for A, multivaluedness; if single-valued, 4, is calculated from the TD
relation.

(d) The local Reynolds numbers are calculated; if these lie in a different flow regime
than (a), start again but in the new flow regime.

(e) Flow pattern transition criteria (e.g. Taitel & Dukler 1976b) can be tested once
steps (a){d) are consistent.

The method usually converges with respect to the flow regime. It is important to note that
although step (c) is relatively insensitive to the choice of laminar or turbulent phases, step (b) can
be quite sensitive to this choice, by virtue of [7] and [8] defining X and Y. This therefore can
lead to occasional convergence problems at regime boundaries. Step (c) is carried out by
two methods; the first by searching for multiple roots by evaluating h; over 25 subintervals of
(0, 1), which is satisfactory if X? is not too small; the second method tests to see if the (X 2 Y) pair

0.1 turbulent gas / turbutent liquid -
b1
UL
0.01
turbulent gas
laminar liquid
0.001 —rrrrer

0.1 1

ug

Figure 13. Flow map in superficial velocity coordinates, illustrating the region where multi\{alued holdup
occurs. The inset graph shows the holdup as a function of u}; for fixed u; across the region. The flow
is of gas/oil at 68 atm, in a 25 cm pipeline inclined upward at 2°.
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Figure 14. Flow map in superficial velocity coordinates, for
gas/oil flow at 68 atm, in a 10 cm pipe inclined upwards at
0.1°. The map is derived from the TD holdup model, with
gas/liquid flow regimes and predicted flow patterns shown:
(C) wavy stratified; (A) intermittent/dispersed annular flow.
A smooth stratified region (S) is predicted to exist, adjacent
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Figure 15. Flow map in superficial velocity coordinates, for

air/water at 1 atm in a 5.1 cm pipe inclined at 1°. The region

of stratified flow is predicted by the TD criteria to be wavy

(C), in accordance with the experimental results (Barnea

1987). See the legend to figure 14 for a key to the other
regimes.

to the shaded region of non-unique holdup and pressure
drop.

lie in the multivalued region which was parameterized above. The choice of laminar or turbulent
flow for the liquid phase only varies the multiple holdup boundaries slightly in the log-log
coordinates; in the method used the regime is taken to be that of the neighbouring single-valued
region.

~As an example, figure 13 is plotted for stratified flow in a 25cm pipe inclined upwards at
2°, for a high-pressure gas/oil flow. The region in which non-uniqueness is predicted is shaded.
On the left of this region the holdup lies on the “upper branch” of the holdup curves (i.e. typically
values 20.5), and to the right of the multivalued region the holdup lies on the “lower branch”
(liquid holdup <0.1). .

In general, given liquid and gas flow rates, the flow pattern is not known a priori, and pattern
transition must be accounted for. The code described can test the Taitel & Dukler (1976b)
mechanistic criteria for transition from stratified flow, which are designated: (A) smooth
stratified — intermittent/dispersal annular flow; and (C) smooth stratified—»stratified wavy flow.
The transition lines are very sensitive to pipe inclination, and the TD criteria exclude smooth
stratified flow for the flow regime of figure 13. Figure 14 is drawn, however, for a 10 cm pipe
inclined upwards at 0.1°, for a high-pressure gas/oil flow, when a smooth stratified region (S) is
predicted to exist. The figure also shows where the TD criteria A and C have been satisfied.
Furthermore, note that the non-uniqueness of the holdup is still predicted, and adjoins the smooth
stratified region.

Finally, figure 15 shows the flow map predicted by the TD criteria for the case performed
experimentally in air/water at 1 atm in a 5.1 cm pipe inclined upward at 1° (Barnea 1987). Stratified
flow is predicted to exist only to one side of the multivalued region, in which case it is wavy (region
C). The transition to non-stratified flow (region A) coincides very well with that found experimen-
tally, as reported by Barnea (1987). Although the TD holdup model was strictly derived only for
smooth stratified flow, this agreement supports the claim that it is still accurate if the interface is
wavy, and thus that multiple holdups and pressure drops are possible within the wavy/stratified
flow regime.

6. STABILITY OF MULTIPLE EQUILIBRIA

Having established the existence of multiple equilibria, it is important to determine which of the
stratified flows is physically realizable. A comprehensive description of a stability analysis of the
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flows will be presented in the near future (Landman 1991). A summary of the approach taken and
the results are given here.

A relatively simple but consistent approach to stability of stratified flow is to analyse the linear
stability of a one-dimensional separated incompressible flow (Wallis 1969; Banerjee & Chan 1980).
The conservation of mass and momentum equations for each phase are

oH, @
—57+6—x [H,u,]—O [353]
and
ou, 10u? oy 1 oP
—é?-i-za-f-gDCOS@E;———;i(Fi'f'a). [35b]

The notation is the same as used in section 2, with i =G, L for the gas and liquid phases,
Hg=1—H, and A, the non-dimensional interfacial height. The stress and gravity terms are
included in F; and Fg, given by [2]. Note that for steady uniform flow, the Lh.s.s of the
equations vanish, and the original force balance equations [1] result, leading to the TD equilibrium
flows.

The stability of a stratified equilibrium is analysed by linearizing the equations of motion, which
can be reduced to a single second-order one-dimensional wave equation (Wallis 1969). Note that
a spatially uniform model, where only the time derivatives remain on the Lh.s. of [35a] and [35b],
is discarded. Such a model would be inconsistent with mass conservation, although the resulting
ordinary differential equation leads to the simple result that the top and bottom equilibria on the
holdup curve are stable and the intermediate value is unstable.

In the time- and space-varying model adopted here, an equilibrium flow is considered stable
if this equation is well-posed (hyperbolic), and a simple algebraic stability criterion is satisfied.
This criterion relies upon the numerical evaluation of certain partial derivatives of the friction
terms F;.

The results show that typically a continuous band (parameterized by holdup) of stratified
solutions is stable, for fixed superficial liquid velocity. This band of stable solutions lies generally
on the lower part of the holdup curve, with the upper branch unstable.

For the flow maps of the previous section, the results are:

(1) Figure 13 (oil/methane inclined at 2°)—the model predicts that only the
equilibrium with the lowest holdup is stable and that this only occurs in part of
the muitivalued region.

(2) Figure 14 (oil/methane inclined at 0.1°)—the model predicts that two stable
equilibria coexist, namely those with the lower values of holdup.

(3) Figure 15 (water/air inclined at 1°)—three situations are possible depending on
the flow rates; namely, all equilibria are unstable, the lowest is stable or the lower
pair are stable.

Although both the linear stability model and the TD criterion predict the existence of stable
smooth stratified flow, the experimental evidence suggests that uphill flows are always wavy (Barnea
1987). Therefore, further work is required to test the validity of the stability method used here.
The results presented here are not unreasonable, however, given that flows with higher holdup are
more likely to be unstable, both because of interfacial shear instability and the existence of
back-flow.

7. CONCLUSION

It has been shown theoretically that non-unique equilibrium values of the liquid holdup and
pressure drop can be expected to occur in stratified two-phase flow in upward inclined pipes.
Multivaluedness occurs at low liquid-to-gas flow rates, and in general requires only very slight
inclination angle. Such flow regimes are of practical importance, particularly in gas-condensate
pipelines (Baker & Gravestock 1987).
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Stability calculations demonstrate that -when three equilibria are predicted, the equilibrium with
the lowest holdup (exhibiting the least pressure drop) is the most likely to be stable, with the upper
equilibrium unstable and the intermediate equilibrium either unstable or stable. In the latter case,
hysteresis between stratified flows with different holdups and pressure drops is predicted by the
model. The intermediate and highest equilibria may be expected to exhibit liquid back-flow near
the wall, although both the TD theory and the calculations performed here for laminar duct flow
show that back-flow does not necessarily occur.

The stability of the lower equilibria is consistent with the observation of Baker & Gravestock
(1987) that the upper branch solutions, which were the only ones displayed in Taitel & Dukler’s
original papers (1976a, b), grossly overpredict the liquid holdup in upward inclined gas-condensate
pipelines.

Criticism of the accuracy of the TD holdup model has been raised (Spedding & Spence 1989).
The comparison with experimental data that they present is statistically crude, however, and
includes data for low gas flow rates. This is a situation where the assumptions of the TD model
(e.g. ug > u,) are not met, and is a regime not relevant to this work.

It remains an open question as to whether the predictions made here occur in practice.
In experimental work, it is quite possible that multiple equilibria have gone unnoticed if the
investigators were not looking for such phenomena. In order to detect multiple holdups, the flow
regime would have to be approached by varying the inlet fluxes to their desired values in different
ways. In the work of Beggs & Brill (1973) in air/water flows, stratified flow was found to occur
only for upward inclinations of <3°, for which they do not display data. It is noticed, however,
that their results for prediction of holdup and pressure drop were least satisfactory at the lowest
inclination angle studied of 5°.

Persen (1987) performed experiments to specifically find the holdup in upward inclined stratified
flows. The experimental data presented is for glycerol and air in a §cm 2° inclined pipe; however
the TD model predicts single-valued holdup for the flow rates reported. Persen also presents a
stability model for stratified flow based on the steady flow equations, but it is felt that the absence
of time dependence makes the model questionable.

Experiments are currently being proposed at BHP Melbourne Research Laboratories in order
to search for the multiple steady states suggested by the present study.

The theoretical results presented depend on the existence of stratified flow; at significant flow
rates, experimental evidence of air/water flow in small diameter pipes suggests that stratified
flow only persists at small upward inclination angles (Barnea et al. 1985; Barnea 1987), when the
interface is actually wavy. Nevertheless, the one-dimensional momentum equations on which
the equilibrium predictions are based hold in any steady flow regime, given that the appropriate
forms of stress factors are used. Therefore, non-uniqueness of the liquid holdup and pressure drop
should also not be excluded within other flow patterns, especially in upward inclined pipes, due
to the non-linear nature of two-phase flow.
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